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Systems Design
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This paper addresses maximizing the robustness of an integrated structural/control system for increasing the
stability margin under parametric uncertainties. The robustness limit is defined for a linear time-invariant system
consisting of structured perturbations. The optimization problem has considered the closed-loop eigenvalues,
damping parameter, and robustness as design constraints. Effects of increasing the stability robustness of a
closed-loop system are demonstrated on two structural optimization examples.

Introduction

R ECENTLY, the simultaneous design of space structures
and their control systems has received tremendous atten-

tion due to the reductions realized in structural weights, con-
trol efforts, and improvements in closed-loop performance.
This integrated design approach modifies both the structural
properties and the control system characteristics in an optimal
way to meet the stringent space structure requirements. Some
of the recent efforts on the integrated design approach are
given in Refs. 1-6. The integrated optimization problems in-
cluded design constraints on transient response, actuator
forces, nonstructural mass locations and magnitudes, closed-
loop eigenvalues, and damping parameters.

In designing a control system, a nominal model is selected
and a controller is designed for it. The resulting control system
may or may not be stable with respect to the presence of
parametric uncertainties in the physical model. It is desirable
to determine to what extent a nominal system remains stable
when it is subjected to a certain class of perturbations. This
measure is called the stability robustness bound. This paper
concentrates on improving the stability robustness bound of
the integrated structural/control system for model uncertain-
ties. From the control system point of view, the stability ro-
bustness analysis problem has been investigated by many re-
searchers. The uncertainties present in the model are classified
into two types; namely, structured and unstructured perturba-
tions. These include disturbances as well as parameter varia-
tions. In the unstructured perturbation model, only an upper
bound on the norm of perturbed matrix is assumed known. In
the case of structured perturbations, the knowledge about the
location of uncertainties and/or relative magnitude bound is
available. Additionally, these perturbations can be time-in-
variant or time-dependent. Methods are being developed for
both frequency domain analysis and time-domain analysis. In
the following, some of the representative papers in the time
domain for state-space models are referenced.
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Patel et al.7 and Patel and Toda8 developed quantitative
measures on time-varying nonlinear perturbation of an asymp-
totically stable linear system. They derived expressions for
bounds on unstructured and structured perturbations. A less
conservative bound on the linear perturbations of similar sys-
tems was obtained by Yedavalli et al,9'10 by developing an
improved structured perturbation model. lii this model, the
authors provided more information on the nature of uncer-
tainties by identifying the location of perturbations. The
aforementioned time-domain criteria presented in Refs. 7-10
solve a certain Lyapunov equation for stability robustness.
Hence, implicit in all their results is some conservativeness in
determining the upper bounds of the parameter variations.
Juang et al.11 and Qiu and Davison12 independently developed
a robustness bound for an asymptotically stable linear time-in-
variant system. Their approach is based on the spectral radius
of a perturbed system matrix. The method aims at finding a
critical frequency that maximizes the spectral radius. The au-
thors tried to reduce the conservativeness of the bound by not
solving the Lyapunov equation. The present research work
utilizes methods given in Refs. 11 and 12 in improving the
robustness bound of the integrated structural/control system.

Lim and Junkins13 carried robustness optimization by using
the Patel and Toda8 approach and also minimized the eigen-
value sensitivity for improving the stability robustness. The
authors concluded that maximization of the stability robust-
ness measure produces more robust designs than minimizing
the eigenvalue sensitivity measures. Rew et al.14 presented a
pole placement technique for obtaining a robust eigenstructure
using the state energy, control energy, and stability robustness
measure (condition number of the closed-loop eigenvectors) as
the objective functions. A least squares approach was used in
determining the well-conditioned eigenvectors. Similar studies
were conducted by Juang et al.15

In this paper, the integrated design is accomplished by im-
posing constraints on the robustness bound, closed-loop
damping parameter, and the imaginary part of the closed-loop
eigenvalues of the active control system. The mathematical
optimization problem is solved by using the NEWSUMT-A
program. A two-bar truss and an ACOSS-FOUR model are
selected for the numerical studies. Simplifications identified in
robustness measure calculations and their advantages in the
optimization scheme are demonstrated.

Dynamic Analysis
The state-space equation describing the dynamic behavior of

a structure is given as
x = Ax + Bf (1)
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where x(t) is the state variable vector and/(/) is the control
input vector. In Eq. (1), A and B are the plant and input
matrices, and the detailed derivations of these matrices can be
found in Ref. 6.

Equation (1) is known as the state input equation. The state
output equation is given as

y = Cx (2)

where y is an output vector, and C is the output matrix that
would be equal to Bt if the actuators and sensors are collo-
cated. In order to design a linear quadratic regulator, a perfor-
mance index J is defined as

(3)/= (x'Qx+fRft&t

where Q and R are the state and control energy weighting
matrices that have to be positive semidefinite and positive
definite, respectively. The result of minimizing the quadratic
performance index and satisfying the state input equation
gives the optimal control system as

x = (4)

The complex eigenvalues of the closed-loop matrix Ac\ can be
written as

X, = 5/

and the damping factor £/ is given by

(5)

(6)

Robustness Measure
The linear time-invariant model of the physical system is

described by the following equation with linear time-invariant
perturbations

(7)

where AAd is the perturbation of Ac\ matrix.
In Ref. 16 several robustness definitions were compared for

aerospace structural models and a suitable method was identi-
fied for design optimization studies. Based on these compari-
sons, a robustness bound defined by Juang et al.11 and Qiu and
Davison12 was used in this work for structured perturbations.
(The locations of the Ac\ matrix uncertainties are known.)
According to their definition, the perturbed system [Eq. (7)] is
stable if

1

supp[D(p>0)-Ue]

(8)

(9)

where

p = operating frequency
sup = supremum over a range of p
p[ ] = Spectral radius of [ ]
fjijQ = Robustness measure of Juang et al.11 and Qiu and

Davison12

Ue = perturbation identification matrix10

The matrix Ue provides information on the structure of
perturbations. The elements of Ue may vary between 0 and 1.
If the perturbations in Ac\(iJ) are known to be zero, then
Ue(iJ-) = Q- If sufficient knowledge of perturbations is not

known, then the corresponding elements of Ue can be assigned
a value of 1. However, a Ue matrix with all elements equal to
1 would give conservative results. In Refs. 11 and 12, Ue was
formed using the following expression in order to reduce the
conservativeness of the robustness bound.

Ue(iJ) = max\Acl(iJ)\ (10)

In this work, this definition has been used for Ue.
Robustness Calculation—Implementation

First the closed-loop matrix Ac\ is computed using the opti-
mal control theory. The spectral radius p is calculated for the
matrix given in the denominator of Eq. (9) by finding its
eigenvalues and taking their moduli. The spectral radius is
equal to the maximum of these values for a selected p value.
For each value of p, one spectral radius value is computed,
and the robustness measure is evaluated by varying p (p >0)
up to a very large value in small increments of p. The maxi-
mum spectral radius value among all these numbers gives the
inverse of robustness. To identify which p value giyes the
maximum spectral radius, one has to conduct a large number
of matrix inversions, multiplications, anpl eigenvalue extrac-
tions. The whole methodology is computationally intensive
during the design optimization phase due to the iterative na-
ture of the procedure. Based on the example problems, this
research work has resulted in a simplified approach in identify-
ing the spectral radius local maxima locations. Instead of vary-
ing/? from 0 to oo, the spectral radius is computed only at the
closed-loop matrix eigenvalues. The local maxima occurred at
the magnitudes of the closed-loop eigenvalues for the prob-
lems addressed in this work. This observation was validated on
two truss structure examples. In this work, the variable/? is
called the operating frequency, and the/? value corresponding
to the maximum spectral radius is called the critical operating
frequency.

The two-bar truss shown in Fig. 1 is used as the first exam-
ple. Details of the optimum gain matrix and the closed-loop
eigenvalues are given in Ref. 16 for one of the configurations.
The spectral radius plot with the operating frequency is shown
in Fig. 2. The magnitudes of the closed-loop eigenvalues are
52.8 and 235.8, and it can be seen from Fig. 2 that the local
peaks occur at these values. Because it is a two-degree-qf-free-
dom system, there are a maximum of two local pe^ks in p at
the closed-loop eigenvalue locations. Everywhere else, p value
is smaller than the maximum peak value. The robustness
value, which is the inverse of the spectral radius, corresponds
to the global maximum of the spectral radius. Figure 3 shows
the variation of the critical operating frequency with the cross-
sectional areas. Both the cross-sectional areas are changed si-
multaneously. The maximum spectral radius occurs at the sec-
ond closed-loop eigenvalue at the beginning and then switches
to the first eigenvalue. Both eigenvalues are plotted with the
cross-sectional area changes. The critical operating frequency

T
20

Fig. 1 Two-bar truss.
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Fig. 2 Two-bar truss spectral radius with operating frequency.
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Fig. 3 Two-bar truss operating frequency with areas.

Fig. 4 ACOSS-FOUR model.

is represented as a solid line, and the system eigenvalues are
represented as dotted lines. The spectral radius calculation
concept is validated also for the ACOSS-FOUR structure
shown in Fig. 4. The magnitudes of the closed-loop
eigenvalues are 1.34, 1.67, 2.89, 2.96, 3.4, 4.21, 4.66, 4.76,
8.54, 9.25, 10.29, and 12.90. The peaks corresponding to the
closed-loop eigenvalue magnitudes are shown in Fig. 5.

This observation has a profound effect in the integrated
optimization, due to a much reduced number of matrix opera-
tions at each analysis step. So, in this work the robustness
bound is evaluated by computing the spectral radii just at the
closed-loop eigenvalues.

Numerical Studies
The robustness improvement studies were performed on two

structures described in Refs. 2 and 6. Both structures were

Table 1 Two-bar truss robustness design studies

Function
Weight

Robustness
£ i > 0.029
«is> 1.174

Xi
X2

Initial design
44.72

1.790
0.056
2.987

1000.0
1000.0

Case I.I
6.90
0.626
0.169
1.174

154.8
154.0

Case 1.2
10.75
0.835
0.118
1.460

254.8
226.0

Table

Function
Weight

Robustness
£i>0.15

w i > 1.341
&2 > 1.6

x\
X2
X3
X4
X5
X6
X7
X8
X9
XIQ
Xn
Xu

2 ACOSS-Four robustness

Initial design
43.70

1.060:055
1.341
1.66

1000.0
1000.0
100.0
100.0

1000.0
1000.0
100.0
100.0
100.0
100.0
100.0
100.0

Case II. 1
18.56
1.69
0.15
1.341
1.60

182.9
231.2
302.3
276.6
332.7
228.3
252.2
198.0
206.6
213.4
29.7

168.0

design studies

Case II.2
19.24
1.86
0.15
1.341
1.60

186.6
273.8
316.0
281.2
355.9
222.4
255.7
281.8
87.2

193.8
29.8

169.3

Case II.3
21.28
2.21
0.15
1.341
1.60

189.0
330.3
395.5
313.2
327.4
241.3
350.8
334.7
48.6

214.6
30.4

192.0

designed with and without the robustness constraint. The opti-
mization problem was solved by using the NEWSUMT-A17

computer program. This algorithm is based on quadratic ex-
tended interior penalty function method with modified New-
ton's method of unconstrained minimization.

Two-Bar Truss
The two-bar truss shown in Fig. 1 was selected for its sim-

plicity in doing several parametric studies. A nonstructural
mass of two units was attached at node two. The structural
dimensions were specified in nondimensional units. The
weighting matrices Q and R were taken as identity matrices in
calculating the Ac\ matrix. Figure 6 shows the variation of the
robustness with the cross-sectional areas. The robustness value
increases with an increase in the cross-sectional areas.
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Table 3 ACOSS-Four closed-loop systems comparison

Function
Min w
Max &
Min£
Max£

P.I.aC/)
Control effort

Initial design
1.34

12.90
0.006
0.055

764.4
78.6

Case II. 1
1.34

7.74
0.031
0.15

117.8
27.9

Case II. 2
1.34
7.97
0.035
0.15

135.8
32.3

Case II.3
1.34
8.57
0.036
0.15

153.3
38.1

a Performance Index.

200 800 1000400 600
RREfl 2

Fig. 6 Two-bar truss robustness variation with areas.

The following optimization problem was solved first. Mini-
mize the structural weight subject to

&!> 1.174

^ > 0.029

10.0, i'= 1,2

where Xf is the ith design variable.
The optimum results are presented as case I.I in Table 1.

The structural weight was minimized from 44.72 to 6.9 units,
the eigenvalue constraint was active at the optimum, and the
robustness value was 0.626. The optimum solution very much
depends on whether the constraints were posed as equality or
inequality constraints. The optimum solution for equality con-
straints has a much larger structural weight because of the
additional restrictions imposed on the search domain. In case
1.2, an additional constraint on robustness bound was imposed
to increase the previous robustness by 33%. Results are pre-
sented in Table 1 with the complete details and Figure 7 shows
the variation of structural weight and robustness bound with
the optimization iterations. The robustness bound decreased
with the decrease in structural weight. A 33% increase in the
robustness was accomplished with a weight penalty of more
than 50%. Figure 8 shows the variation of the optimum weight
with percentage improvement in robustness. The structural

Robustness

Height

"" oo

I

1 2 3 4 5 6 7
Iteration No.

Fig. 7 Two-bar truss design iteration history.
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Robustness Percentage

Fig. 8 Two-bar truss optimum weight vs robustness improvement.
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Fig. 9 ACOSS-FOUR design iteration history.
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Fig. 10 ACOSS-FOUR operating frequency vs iterations.

weight rapidly increased with a larger improvement in the
stability margin.

ACOSS-FOUR Model
The finite element model of ACOSS-FOUR is shown in Fig.

4. The structure has 12 degrees of freedom and four masses of
two units each at nodes 1-4. The cross-sectional areas of the
members for the initial design were equal to those assigned by
the Charles Stark Draper Laboratory model.2 Similar to the
preceding example, first the structure was designed without a
robustness constraint. The numerical studies were performed
by imposing the design requirements &i> 1.341, oJ2> 1.6, and
£i>0.15. The lower bound on the design variables was 10
units. The structural weight decreased from 43.70 to 18.56
units. At this design the robustness bound is 1.69. In case II.2
in Table 2, a lower limit on robustness was imposed to improve
the bound by 10%. The optimization was carried out by keep-
ing the preceding three constraints. The optimum design was
realized with a 4% increase in the objective function. Table 2
provides the optimum weight, constraints, and design vari-
ables, and also has case II.3 results where the bound was
increased by 30%. Figure 9 shows the structural weight and
robustness bound iteration histories for case II.3. The changes
in critical operating frequency with the progress of optimiza-
tion are shown in Fig. 10. As the optimum design is ap-
proached, p value reaches a steady value. This suggests that
additional savings can be realized in computing the robustness
bound after five to six iterations of optimization. The critical

operating frequency value can be kept constant and, thus,
several matrix inversion and complex eigenvalue calculations
can be reduced in finding the guaranteed robustness bound.

To calculate the total performance index J and the control
effort, a unit displacement was imposed at node 2 in the X
direction at time t = 0. The transient response was simulated by
finding the solution to Eq. (4) for the period t - 0 to 25 s. The
total performance index J and the work done by all the actua-
tors is given in Table 3. Total actuators work is computed by
summing the !//«/(/) dt for each actuator during the 25 s.
period. Here, ft is the /th actuator force and «/ is the ith
velocity component. Table 3 also gives the minimum and max-
imum values of the closed-loop damping parameters and the
imaginary part of the eigenvalues for all cases. The range of
the closed-loop eigenvalues and the magnitude of damping
values increased with an increase in the robustness. The total
performance index and the control effort also increased.

Summary
In this work, a robustness bound was defined for improving

the stability margins of the closed-loop system due to paramet-
ric uncertainties. Based on the example problems considered in
this work, the laborious computations involved in calculating
the robustness measure were reduced by identifying the rela-
tionship between the spectral radius peaks locations and the
closed-loop eigenvalue magnitudes. Structural examples were
given with and without the robustness requirement. Stability
margins improvement occurs at the cost of additional struc-
tural weight. The relationship between the stability robustness
and the optimum structural weight is nonlinear as demon-
strated by the example cases.
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